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ABSTRACT
A lattice version of thé Abelian Higgs model is studied in arbitrary

Euclidean dimension. Using an exact duality transformation, the theory is
rewritten in terms of its topological excitations. The dual form of the theory
specifies in a simple Way all the allowed topological excitations as well as
their interactions. The combination of the scalar Higgs field and the Abelian
gauge field produces excitations found neither in the pufe gauge theory nor

in the pure scalar theory (x -y model). In three dimensions, for example,
we find finite vortex strings terminating on monopoles, as well as closed
vortex loops. Implications of these singularities for the critical behavior

of the theory are briefly discussed,
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I. INTRODUCTION

In recent years, there has arisen a growing awareness of the
importance of topologically stable solutions of non-linear field theories,
Indeed, topological excitations have been shown to be of centfral
importance in the physics of fluids and solids,1 elementary particles,Z
and cosmology,3 The existence of these excitations follow from very
general features of the theor'y; in particular, its internal symmetries
and its space-time dimensionality.

These excitations can have profound effects on the behavior of
the theory. In the first 'place,” since they are collective excitations of
the original fields of the ’cheory; they can appear as real concrete
objects. An example of this is vortex formation in superfluid He4
which may be regarded as a topological exci’ca’cion of a theory with a
global U(1) sly-mme’cr'y.4 In the second place, these excitations can, under
certain circumstances, induce phase transitions. Examples of this
phenomenon are the phase transition of the two dimensional x-y model,5
the Ising model interface phase ’cra.nsition,6 and the confinement
mechanism in three-dimension compact photodynamics first described
by Polyakov.7

In this paper, we will analyze the topological excitations of a
locally U(4) invariant theory which may be thought of as a lattice version
of the Abelian Higgs model. Our approach will be to use an exact

8
duality transformation which will allow us to write the Abelian Higgs
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model as a function of its topological excitations. In this dual form of
the model, the partition function will be expressed as a functional
of certain integer valued fields which represent to topological excitations
of the original scalar and gauge vector fields, In this way, we will be
able to express both the form of the excitations and their interactions,
In a later paper we will describe the effects of these excitations on
certain correlation functions of the theory, and will discuss possible
phase transitions arising from the presence of these objec:’cs.9

Our interest in this model has several sources, First, the theory
represents a kind of hybrid of the models discussed in Ref, 8 . In particular,
it is a combination of the simplex numbers, s =1 (x-y model)and s = 2
(compact photodynamics) theories. Since these two models have qualitatively
different topological excitations, it is interesting to see the form of the exci-
tations which emerge from the hybrid theory. From a less formal and more
physical point of view, the model is interesting for at least three reasons.
First, when properly treated, the model has much in common with
models of spin-glasses which are currently of great interest to solid
state 'physicists?o Second, in their seminal paper on topological
singularities as elementary particles, Nielsen and Olesex%1 considered
the Abelian gauge field coupled to a charged, scalar field in a Higgs~-type
potential, The symmetry of our model is the same as theirs, except
that our vector gauge fields are compact. As we shall see, this

modifies their results in an interesting way. A third motivation follows
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if we recall Polyakov's result for compact photodynamics in three
dimensions.7 He showed that the point monopoles of that theory produced
confinement in the sense that the expectation value of Wilson's loop
integral fell like e—A, where A is some minimum area enclosed by the
gauge loop. It is interesting to ask how this result and its interpretation
is changed when the gauge fields are coupled to matter. The simplest
such theory is the one we will study in this paper.

In the next sec’cion;‘ we will introduce the model and show that in
a naive continuum limit it becomes the Abelian Higgs model in which the
radial degree of freedom has been completely frozen, In section III
we introduce an exact duality transformation which lets us write the
model in terms of certain integer valued fields. In section IV we
show how to identify these integer valued fields as the topological
excitations of the original theory by introducing a slightly modified
form of the Abelian Higgs model for which this identification is
reasonably straightforward. Some comments about our results and

some comparisons with related models are presented in section V.,
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II., THE MODEL
Consider a hypercubical lattice in d-dimensions. Associated with each
site, j, of the lattice is a two-dimensional spin S5(j) = eix G ). (For notational
simplicity we will not indicate the vector nature of the lattice vector, j.)
Aésocia’ced with each link of the lattice is another spin Up(j) = eie p.(j ),

a link being defined by a lattice site, j and a direction, p. These

spins interact according to the lattice Lagrangian

_ 'k . +oovat A E_ . . A +,. ~ + .
& - > ?smuM S G -M+3 ZUH(J)UV(J UG BTG +hee. (1)

P

where the first sum runs over all links of the lattice and the second
sum runs over all plaguettes. The partition function (generating

functional) of the theory is
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where € is the totally antisymmetric symbol in d-dimensions, and Ap
denotes a discrete difference, e.g., APX G) =X @) - x(§ - fi). Note
that the term proportional to B is just the usual action for the pure

gauge field theory on a lattice,

This Lagrangian is invariant under a local U(1) rotation:
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SG) = RGISGE)
, (3a)
. + . A . .

- R - u)u R
UH(]) G-~ w H(:1) G)

or, imterms of the angles

xG) = xG)+ AG)
(3b)
N - 8 G .
GM(J) p.(J)-]-Ap.A(J)

where R(j) = eiA(‘.i ). This is just a compact version of the local symmetry
of scalar QED.

To obtain the correspondence with the Abelian Higgs theory, we
temporarily restore the lattice spacing a. The lattice Lagrangian then

becomes

ad-4zK cos (aApX G)=9 P(J ))+ %‘"‘”('(?1"-_2')'?%, v, B, B 5{31. <P, p,cr%pecv(J )) (4)

-2

Define 6 " = aA , and consider the naive continuum limita - 0. We
use the replacements
X (G) = xfx)
0 (j) - aA (x)
ud) "
(5)
A ==aV

M M
Z - a-d[ dd*x

Expanding the cosines to second order yields a constant term plus
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°fd‘x[§(v“x"4u)z+'z['(d_ﬁTHFsz] ,
(6)

where

Fllv Eeuval- s 5'_' EBI.' e B‘_=‘¢ V,A..

We would like to expose the relationship of this
expression to the broken-symmetry phase of the

Abelian Higgs model, whose Lagrangian density is

conventionally written (in the Euclidean continuum)
as

£= 4D, 0)' D"+ V(d'$)+3F .7, (71
where

F,,=3,A,-8,4,,

D, p=(8,-icA))?,
and we take the potential

V(x)= -2—(1- R’)”.

Writing ¢ =pe'®, the Lagrangian density becomes
£=1p*(d,x-eA )+ 2(8,p)
+V(p)+1F,,°. (8)

We expect that the field ¢ will sulfer spontaneous
symmetry breakdown, and the ground state of the
theory will have {o*)=R?. We may formally freeze
out the radial vibrations by considering the limit
A= ©, Then (3 ,p)*=0, and the Lagrangian sim-
plifies to!'?13
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2
ax -A) +—1—Z'F 2 (9)
M K 4e pv

F = Lr¥

R

N

where we have rescaled the potential AH—> -Z-AH' The correspondence
with the naive continuum limit of our original expression Eq. ( 6 )
is now apparent, and we should identify « = Rz, g =1[@-2n/ ,e]'Z.

Now, one might think, because our theory possesses the gauge
gsymmetry (£q. 3),that it is a trivial theory since, choosing A(j) = -x (j) we
apparently have the theory of a free vector boson of mass m = eR.
However, this is not correct since X is an angular variable and conse-
quently need not be single-valued. Thus, A = -x cannot be a true gauge
transformation in general, since a multivalued gauge function, A, may
well induce physical singularities in the field strength, FMV' Alternatively,
if we choose to admit such singular gauge transformations, then A
itself takes on the significance of an angular variable, i.e., ApL becomes

compact. In this case, its equation of motion is
2
(0 +m )Ap. =0 (mod 2w) . (10)

The singularities allowed thereby are, of course, the topological
excitations of this theory, just as monopoles arise in Polyakov's discussion
of compact photodynamics for d = 3, or for that matter, just as vortices

arise from the solution of

oX = 0 (mod 2m) (11)

in his discussion of the d = 2 XY moclel.7
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The naive equivalence which we have demonstrated between our
lattice theory and the continuum Abelian Higgs model does not guarantee
that the continuum limit of the lattice theory is the Abelian Higgs model
when that limit is taken via the renormalization group. Another way to
say this is that the large distance behavior of our theory and the
continuum Abelian Higgs model may not be the same, at least not for
all values of k and B. This possibility is also associated with the following
important observation: From (Eq. 5) we see that the phase of the lattice
Higgs field X (j) retains its identity as a phase angle in the continuum,
since ¥(j) =X (x). On the other hand, the lattice gauge angle, Gp(j)
becomes a AM(X) as a = 0, so that the finite range of 'Op(j) is mapped
into an infinite range for AH(X). So even in this naive limit, the gauge
fields in some sense are no longer compact, Hence, it is not clear
that the theory will still retain the full effects of the multivalued gauge
transformations alluded to earlier, and so, one might fear that the
topological excitations associated with the compact nature of 0 p(j)
will disappear. This could well lead to a difference in the long range
behavior of the lattice and continuum theories., We will comment further

on this problem in section V,
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III, THE DUALITY TRANSFORMATION
We now discuss the duai form of our model in various dimensions.
In what follows we will always assume periodic (spherical) boundary
conditions. Other boundary conditions may induce a background field
which in certain cases can change the physics. This will be discussed

elsewhere, 9

A, Two Dimensions

In two dimensions, the partition function, Eq. 2, is:simply

Zkecos(A X (G) - 8 (j)) +Bcos(e A 6 _(j)

Using the Fourier expansion
<]
acos x inx ‘

= 1. 13

we obtain e Z n(a)e (13)
™
{n)m ()} " o

(14)

exp = [in(j Je HVAHG v(j) + imu(j ) (AHX G)-9 p(j )):\

where the first product sign denotes the fact that we have one I-r.l (j)‘::(ﬁ)
for each plaquette, and one ];m (5 )(K ) for each link, Carrying out the
U
angular integrals, we obtain the constraint equations on the integers
mM(j ), n@j):
(1) Am (G) = 0
Boou

(2) mp‘(j)- EHvAvn(j) =0
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The first equation is exactly as in the d = 2 XY model; its general

solution is a curl
mp(;]) = E}w;Aqu(J) ,

where {(j) is an integer-valued scalar field which is naturally defined
on the vertices of the dual lattice. (The dual lattice is obtained by
shifting the original lattice by half a lattice spacing in each direction. )

Inserting this into the second equation, we find that
e A (PG)-nG) =0
Wi ¥ J

In two dimensions, this means simply that the gradient of {j) - n(j)
vanishes, so Y(j) - n(j) is independent of j, and it is easy to see that
without loss of generality, we can choose it to be zero. Thus, the

partition function becomes (up to an overall constant) exactly

Ze 2 ML EE s g0
{ \IJ (j ) } by v
The original, continuous angular fields have been replaced by integer-
valued fields on the dual lattice., A primary virtue of this Fourier
analysis is its simplicity in the low temperature limit, B, « > 4,
Keeping the leading terms in this limit and neglecting field independent

constants, Z becomes

(15)

(16)

(17)
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4 AR | \2 - -
Z—E-;(AHLP(J)) 5 $G) + 7« 3’ B 3)

Z = Z e 2p (18)

fui)}

This is a useful low temperature representation for Z for two reasohs,
First, the quadratic terms are most important for B,x >> 1, quartic

and higher order terms being effectively less important by an extra
factor of |3-1 or K —1, Second; this observation implies that it is
reasonable to try to expand the Lagrangian in these terms, This should
provide us with a systematic algorithm for exploring smaller and smaller
values of k and $. Note also the fact that k and B appear in the denonﬁna’cor
of the coefficient of the quadratic term. This is a typical effect of a
duality transformation: high temperatures of the original representation
are mapped into low temperatures of the dual representation, and vice
versa,

We have argued that the expression in Eq, 18 is a quantitatively good
approximation to the full partition function, Eq. 12, at low temperatures.
But it is also qualitatively useful outside thelow temperature domain.
First we note that the symmetries of the full partition function and the
quadratic approximation are the same. This means that the topological
ex‘citations implied by these two forms are the same (see also section IV),
Second, Eq. 18 is useful for at least a qualitative determination of the
critical properties of the system. Whether the theories defined by

Eq. 17 andEq. 18 (or their analogues in higher dimensions)lie in the
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same universality class is not clear. But experience with similar
models, notably the XY model, suggests that quadratic forms such
as ( 18 ) are a good guide to at least the most general features of the
phase transitions, This point will be discussed further in ref. (9 ).
For these reasons we shall often restrict our attention to the simple
quadratic approximations rather than the full theories. This should
raise no conceptual d’ifficulties:' higher order terms can always be

included in a straightforward way.
We now want to write Z in a form which displays explicitly the

topological excitations, This can be done by using the identity valid

for arbitrary f£(.z),

n:

z f(n) = Z fe—ZTrika(z)dz . (19)
- k=-o

This allows us to replace the sum over integer-valued fields by continuous
fields plus sources

1 o 2, ,..2 TR
2 [a 960 +m ) + 2mip )

Z = z disj e

{pG)}

(20)

where we set m? = k/B.

Next, we may carry out the §(j) integrations, and we find
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-« 47°2 p()DG-kim’ )pk)
e
z = z, Z e J (21) .

where Z_ is a massive-gpin-wave partition function, (i.e. it is Z with

0

all p(j) = 0),and D(j -k;mz)is the lattice Green's function in two dimensions
satisfying

20 ol 2y
DG -k;m) = 6;;1:‘ (22)

(-5, +m
We will show in section IV that the integers p(j) may be thought of as
the vortices of the original fields, so we may describe the system
represented by this partition function as a theory of massive spin waves
'plﬁs vortices, This is analogous to the well-known result of the
Kosterlitz-Thouless treatment of the d=2 x-y model,5 which is a
certain m2 = 0 limit of our result., The contribution of
the vortices to Z can be thought of as that of a gas of charges interacting
through a short-range potential. Note that these vortices do not
interact with the massive spin waves whose partition function is Z 0
This is a result of retaining only the quadratic form of Z, Egq. 18.
Higher order terms will induce interactions between the spin waves and
vortices,

The occurrence of the mass m leads to significant differences

from the two-dimensional XY model (m = 0), The long range, Coulomb
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(logarithmic) potential of XY model is replaced here by an exponentially

decreasing potential

2 e [j [

D(j; m )”m—' as [j| - = , (23)
and, equally im’por’can’c,' the self energy, p= D(O0; mz), remains finite
in the infinite volume limit, In the d = 2 XY model, the volume
divergence of the self-energy gives rise to a neutrality condition: the
only allowed configurations of vortices are those with total over-all
vorticity zero. In our case , on the other hand, there is no neutrality
condition for this (Yukawa) gas of vortices.

Note that our solution makes plausible the assumption of Callan,
%’12 that the d=2 Abelian Higgs model can be approximately described
by an ideal gas of vortex points (instantons). Specifically, this will
be a good approximation when the density of instantons is sufficiently
small so that the mean separation between them is large compared with
the range m»1 of the interaction potential. This will be true at
sufficiently low temperatures when e_mL is small. Note that the ideal
gas assumption may also be reasonable at higher temperatures since
the strength of the interaction effectively decreases like «k,

The short range nature of the vortex-vortex interaction, and the

lack of neutrality are also crucial for a discussion of the possible

phases of the system., We will deal with the question elsewhere.,9
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We turn now to a discussion of the topological excitations which one

finds in the three-dimensional case.

B. Three Dimensions

In three dimensions,‘ we have (suppressing site labels)

N
1l

Zp cos (€ € A8 )t+tkcos(Ax-0.)
ST N
ﬂax 690_6 39 )\.PG p O (0 o

1
Z . Inw((s)lmc(x)f PX 80 exp [5 v upppotp Yo
{20, mpt

+mG(Adx - 60):‘

(24)
Performing the X integrations, we obtain the constraint
Aomo* = 0 - (25)
Since the divergence vanishes, m is a curl of another field A‘3
m_ = € A A .
a opf p B (26)
AB is defined on links of the dual lattice as discussed in Ref, (8 ).
Performing the 00 integrations gives the second constraint
-1- € € An +m = 0
2 "Ppo Buv p pv o (27)

or, in terms of A(S’
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1 —
EGﬁPAﬁ[E “ppvpy Aﬁ] =0 ’ (28)

The curl being zero, the quantity in brackets must be a g;adient

of another field S, defined on the vertices of the dual lattice,

1 _
0 eﬁuvnpv - A(3 = AﬁS (29a)
or

n = € S) . (29b)

RV MVﬁ(A

B4
Now, recall that the functional sum in Eq. 24 is over all distinct sets

ofn andm which satisfy Eq.25and Eq. 27, But fixing {n , m }
v o TRY o

does not unambiguously define A[3 and S. Aﬁ is defined only up to a
gradient, i.e., m is unchanged by the replacement Aﬁ -—>Aﬁ + AF}A'

n o will be unchanged also if, at the same time, S -S + A. Thus, the
M
dual theory possesses a gauge invariance similar to the original theory

except that the fields A, and S are discrete and integer valued rather

¢

than continuous. In terms of them, we have

Z = Z HIE"‘ (A
n

(B
TR 2 €

A A(K) . (30)

- S
A?\) OpA P A

A

where the sum is understood to be over n's and m's satisfying the

representation Egs. 26 and 29.

As before, we may replace the sum over integer -valued fields

with an integration over continuous fields plus a sum over certain

sourcess
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et

sn em 9 DI, 4 _ag®l G e
f YR T ALY A3 ecprpr
RN

We recall the representations Egs., 26 and 29b for nu'v and mp. Inserting them

into the exponents, we can write the exponential as

K n_ +Lm = ZK € (A, ~AS)+L € A A
bV Y VY’ pYORVATA A BORPATP A
= (€ - + -
= HW\K [TRY eppRA pr)A)\ ( epv)\AKKp.v)S
= ZJ)\AK + QS (32)

where we have used periodic boundary conditions and summation by

parts. We may now formally rewrite the partition function as

' 1

z -y faaEsmr, o BN, a0 (33a)
7. Q! AT opATp A

{9y @

exp E;Z ZTTi(J)\AK + QS)]

LA s-Aa-as)?-te A A Fi2nT A +QS)
~ z sA 65e PN SRRt Mo
Q

{I QU

(33b)

where the last form is, up to overall constants, the quadratic approximation,

accurate for B,k >> 1, as discussed in the last subsection.
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The integration and summation variables have been changed from

{mu'v, np} to {A

making this change we must recognize that the real degrees of freedom

\? S} and {KHV’ LH} to {J)\, Q} , respectively, In

of the theory are the m','s; n's, K's, and L's. The gauge invariance of
the theory in terms of its dual variables discussed above requires,
in the usual way, that we specify gauge conditions when integrating and
summing over the A's, S’s; J's and Q's in order to avoid overalldivergences
from extraneous. summations., This is indicated by the primes in the last
equation. Note also that the gal_lge choices must be made in tandem:' For
example, if wejchoose AO = 0, we must also fix Jo = 0, That all of this formal
manipulation, in fact, leads to the correct result can be seen by going
back to the expression Eq. 24~; and choosing a gauge in the summation
before introducing the sources. A complete discussion of the procedure
for the d =3 XY model (the m2 = 0 1limit of our theory)is given in
Ref. ( 8).

We will show in the next section that the J)\'s and Q's may be
regarded as the topological excitations of the original theory. But if
they are to represent real excitations, then any configuration of JX 's
and Q's must be gauge invariant, From Eq. 32 we can write J)\ and Q

in terms of KPW and LH’ from which it is apparent that

AT () = QG) (34)

which ensures that any configuration of J's and Q's will have a gauge

invariant meaning., (See also ref. ( 8)).
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How can we understand the appearance of these topological
excitations ? Recall what is already known about certain related
theories., Had we started with no gauge potential 4 W we would be
dealing with the pure XY model which, for d =3, haé topological
singularities given by closed vortex loops, represented by a conserved
topological current J w Had we begun with the pure gauge theory,
compact photody.namics,b we would have found the instantons to be .
magnetic monopoles Q. The topological singularities of our Abelian
Higgs model are a combination of these two types, namely closed
vortex loops and open strings terminating on monopoles. Notice that
there are no free monopoles. That this is the correct interpretation
is shown in the next section.

We now want to consider the quadratic form of Z, Eq. (33b )
and carry out the Gaussian functional integral. The gauge choice

S =0 (and Q = 0) is particularly simple, We have

1 2 1 2
= A -—{e A A)
7 = Z e 48 A e 4x "Toph p N

A

1201
® 1[ » 2 2 2 .
-—~ (e AA)+mA] 2wiJ A
= Z dA,e dc L oph oA Mle MM (35
{92}

i 2 .2
= ZO Z exp[éln KJ)\(J)D)\H(J k; m )Jp(k)J

{74
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where we have restored the lattice site indices in the last line, Here,
Z0 is the partition function for the massive vector field with no
topological excitations, and D)\H(j ; mz) is the three-dimensional lattice

Green's functions defined by

A)\A' >
DML(J ~ksm7) = éhp — mz ] DH-k;m)
J
(36)
2 20 2
(_Ap +m )D(J—k,m)—éjk .
Thus,
7 - 7y 2 o [-xr(5, 05,00 + L5 QDG - k5 m”)] (37)
{a} "
where

QG) = AT, G)

This appears to be a theory of a massive ''vector'' particle
in the presence of certain topologically induced sources, (Remember
that d = 3, so the angular momentum corresponds to O(2), ) Having done
the Gaussian integral, we see that the interactions between the topo-

logical excitations are short range since

o~ li]m

D(j; mz) *—Em— as l]l - ® . (38)
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This is to be contrasted with the x-y model in three dimensions in
which pieces of the vortex rings interact via a power law potential,

Before turning to four and higher dimensions, it is amuéing to
note the following relationship between the topological excitations of
the two and three dimensional theories. Two dimensions may be
thought of as a slice through three dimensions, In the d =3 x-y model,
the topological excitations are vortex rings. The intersection of a
ring with a plane is two 'points;' or a vortex-antivortex pair. This
immediately leads to the neutrality condition for the d =2 XY model,
In the d = 3 Abelian Higgs ’cheory,b we have, in addition to closed
rings, open, finite vortex strings terminating on monopoles., Slicing
through a line with a plane, we have a single vortex penetration with no
compensating antivortex, We therefore lose the requirement of overall
neutrality, as discussed in the last subsection.

C. Four and Higher Dimensions

In four and higher dimensions the analysis proceeds in essentially
the same way as in three dimensions, only the indices are more
complicated. Since four dimensions occupies a special place in our view
of space~time, we'll discuss this case explicitly.

For d = 4 the partition function has the form (again suppressing

site indices)
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1
ZRcos (e € A @ )tkcos(AX -6 )
24
fﬁxé 90_6 pvef affpcp o ;i o)

- . 1
- Z a Inu (mlm (K)J. 6)(690 exp l[zznpveuvaﬁsaﬁpoApeo

{n | kv o
A
+ -
mO(AGX 90)] . (39)
Integrating over ¥ and implies the constraints
(1) Am_ =0 (40a)
2) *An e fm_ =0
4 "Tppv pvef Eoz(.’)pO‘ M = : (40b)

The divergence condition requires that m be a curl,

_ 4 ' _
m. =3 EcpozﬁApAozﬁ (Aaﬁ = Aﬁa) . (41)
Then the curl condition becomes
€ A [i € n - A ] =0
opaP pl2 " pvef pv af ° (42)

This requires that the quantity in brackets be a gradient

1 _ 1
2 Gafﬁp.vn;.w ) Aaﬁ 2 Eaﬁpo EpO‘vapSv ° (43a)
So,
n = ¢ La +as) 43b
VA% pvaf "2 7 af a p (43b)
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which is analogous to Eq. 29 for the three dimensional case, As

before, ambiguities in the definition of the integers Aa and S, may be

g &

understood as a gauge symmetry:"

S, >SS, + A
p B B
(44)
A _ A _+A A, -A_A
a8 ap a B Pa
Following the arguments of the last subsection we may write the
partition function as
z - > mi_ -
d €L Uy (%A +AQS )(ﬁ)]:%eo_ A (K)
{n m } pvaey Y pay p ay
w’ o
1 1 .
- z f N T VN I DN
I LQ} pvay *Tay  Tay opay p ay
{ po’ o
(45)
i1
exp [211122 T At RS,
where the prime indicates that we must fix a gauge, and the integer-
valued sources (which are the topological excitations) satisfy
Jp,o_ = —JO‘p ; APJPG = QG . (462)
Note that this implies that Q(7 is conserved:
AQ =20 . (46b)
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The interpretation of these topological singularities is given by
a simple generalization from three dimensions. In the pure gauge
theory in four dimensions, the singularities @ would be monopole
loops, i.e., "world lines" of monopoles-antimonopole pairs. In the XY
model in four dimensions,* the currents Jpo. would be conserved, i.e.
APJPO' =0 = AaJpo’ and would represent closed orientable surfaces
(spheres and spheres with handles ). In addition to these closed
surfaces, the model considered here has excitations which are slices
through these surfaces (or windows on the surface) which are bounded
by the monopole loop. In three dimensions current lines terminate on
monopoles, and in four dimensions, a surface terminates on monopole
loops. If we think of one dimension as time, these topological excitations
represent the following events: At some time a monopole-antimonopole
pair is created. As they separate, they are connected by a string.
At some later time, the pair comes together and annihilates. Because
the string itself has dynamical degrees of freedom, one also has events
in which a string loop is created, evolves, and annihilates. This latter
event sweeps out a closed surface in space-time,

In the quadratic approximation the partition function in the :

Q - *
S 0 gauge is
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2 2 2 .
Apo) +m Apc] +MJpo‘Apa .

= 4K TNC N
Z = z f dApO'e
{Jpo'} ~® .

One can show from this form that the antisymmetric tensor Apc

represents a massive spin one field. As before, we could carry out the
Gaussian integral. The result is an expression similar to Eq. (35),

It has a factor, Z, representing the partition function of a massive spin

wave with two polarization indices. This is multiplied by the partition function
for the topological excitations described above ,whose elements interact

through a Yukawa-like potential of range m-i.

IV. THE DUAL FIELDS AS TOPOLOGICAL EXCITATIONS
In this section, we explore a periodic Gaussian Abelian Higgs
model primarily in order to motivate the interpretation of the integer-
valued sources which arise in the formulation of the dual theory as
topological singularities of the original theory. A similar periodic
Gaussian model but ’»analo”go‘u's fo the XY model ﬁs introduced .
by Berezinskii“‘ and Villain, 15 For that system the periodic

Gaussian model was shown to be a good low temperature approxi-

mation to the XY model, (which, when expressed in its dual representation
just reproduces exactly the quadratic approximation to the dual
formulation of the full modél) and to be a convenient vehicle for

describing the topological excitations of the system. Our periodic
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Gaussian model possesses precisely the same characteristics vis a vis

the Abelian Higgs model. (Other authors who have also considered
analogous periodic Gaussian models include those of Refs, 8 and 16),

The periodic Gaussian model arises by approximating the cosine as

@ -8 2
Bcosx g Z 2 (x + 2mn)
e = e e (48)

n=-o

and allowing x on the right-hand side to range over (-o, « ), [Villain,is

in fact, generalized this to allow the coefficient of the quadratic term
to be temperature dependent in a certain way which, he argued, might
be useful at both low and high temperatures. The form given here is
valid at low temperatures. See also Jose, ig}_._’:,é]

Consider, for example,' the two-dimensional case. The partition

function for our periodic Gaussian model is

"~ ' 2
o -SmA x -0 v2m)° -Exe mae +gmp)
zZ = Z f &:xazape b M H e S EE RV e (49)
a,b ' -0

where we are to sum over integers ap and b. The periodicity of the
original problem does not require summing independentty over both b
and a . Indeed, even if we choose a gauge to define the functional
integfals over X and 0 W summing independently over a.H and b would
render Z defined in Eq. 49' infinite. In fact, this infinity is not directly
connected with the local gauge symmetry of the original model. Even

the periodic Gaussian analogue of the d = 2XY model contains a similar
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(although somewhat simpler) summation redundancy. .In the present
case, the redundancy can be eliminated by noting that we can first
shift 6 " e’ " + 2~;raI~L and then redefine b = b - ZweHvAHa . Thereby ap
completely disappears from the problem, and so without loss of
generality we can set a = 0. However, our formal manipulations can
be earriéd through regardless of this redundancy, and so we shall not
now place any speéific constraint on the sum over a.l~L and b. The tilde
over the summation sign reminds us that such a restriction is required
ﬁl principle. Later in this section we will eliminate the summation
redundancy in a different way to show that wheﬁ d = 2 it is not necessary
to explicitly make va comp?tct. Because of the local gauge invariance,
the expression above is also infinite, due to the integrals over x and
6 N and a gauge choice must be made to render it finite. But again,
for the formal manipulations we are concerned with, we can ignore
this infinity and imagine dividing at the end by the infinite volume of
the gauge group. One may of course choose a gauge from the beginning
and after carrying out analogous manipulations one will be led to the
same conclusions.

Next we introduce the Fourier transform for each exponential
using

(x + Zn-n)2 " @ '_2_.‘13},2 +iy(x + 2mn)
e = m f dy e . (50)
-

N
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(although somewhat simpler) summation redundancy, . In the present
case, the redundancy can be eliminated by noting that we can first
shift # — 6 + 2ma and then redefine b -b - 2re A a_, Therebya
M B P pv oV b

completely disappears from the problem, and so withouf loss of
generality we can set aNL = 0. However, our formal manipulations can
be carried through regardless of this redundancy, and so we shall not
now place any specific constraint on the sum over a}JL and b. The tilde
over the summation sign reminds us that such a restriction is required
in principle. Later in this section we will eliminate the summation
redundancy in a different way to show that when d = 2 it is not necessary
to explicitly make va com'pgct. Because of the local gauge invariance,
the expression above is also infinite, due to the integrals over x and
6 g and a gauge choice must be made to render it fini’cg. But again,
for the formal manipulations we are concerned with, we can ignore
this infinity and imagine dividing at the end by the infinite volume of
the gauge group. One may of course choose a gauge from the beginning
and after carrying out analogous manipulations one will be led to the
same conclusions.

Next we introduce the Fourier transform for each exponential
using

(x + 2.1'1’.'[1)2

© -
e = Ti—z f dy e
2P
-0

NYae

-é*%-yz +iy(x + 2mmn)
(50)
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Then we have (up to multiplicative constants)

2
~ Z-%{-t +it (A X -6 +2ma )
7 = E dt ds | dxde e B BB b M
n "
{a,b}

(51)
——Lsz-l-is( A 0 +2ub)
o 2B YR
Carrying out the integrals over X and 6 " yields the constraints
Te(at GNek (G)+ A 8(3)) . (52
: ot S Fe A 80 )
{ Notice that there are many redundant delta functions
in this set of constraints. Thus, Z is proportional to some infinite
power of 6(0), This just reflects the fact that we did not specify the
gauge and represents once again the infinite gauge volume.) These
constraints are satisfied as follows: The first condition implies that t
can be written as a curl
tM = € HVAVLIJ . (53a)
Then the second condition is equivalent to
AH(S +§¢) = 0 (53b)

so that S(j) + Y(j) must be independent of the lattice site j. Without
loss of generality, we may choose S + { = 0, and so, up to an overall

(infinite) factor, we get
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1 2 1 .2
~ —— (A YT - =2
zZ = Z fd\be 2 v %P
a,b
K (54)

- +
. i2w(b EI-WAHa v)L]J

Thus, the source of the § field is the integer

p = GHVAIJ«aV +b . (55)

(k Compare these expressions with Eq. 20,) If we think,w
of a_ as the "integer'' part of the gauge invariant AHX -6 i and of b as
the circulation of the vector potential, then we see that p represents
the vorticity of the original fields.

As mentioned earlier, it is redundant to sum over both apL and b.
It is interesting to note, in particular, that by shifting GH - 0 u + 2me W
we may choose ¢ " such that GMVA Cv +b = 0, This eliminates b from
the summand in Eq, 49, and thus it is unnecessary to make the gauge
field compact in two dimensions to obtain these vortices as topological
singularities., This can be understood by remembering that in two
dimensions the pure gauge fields have no dynamical degrees of freedom,
In higher dimensions, on the other hand, additional non-trivial excitations
result from the compact nature of va’ as we shall see. (Note
in addition, that even after eliminating b, it is still redundant to

sum over all aH. Inparticular,‘ since the summand depends only on p
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we must not sum over apf s which differ from each other onlyby a

gradient. )

We will now sketch the similar construction in three dimensions.

For d = 3 we write the periodic quadratic partition function as

2
~ © —Z—E(Ax—e +2ma )
Z = E f dxde e b b K
{au, b)\} -
B + 2
- 2
. ZE(E M AHG v Tl'b)\)

As before, the sum over all values of both aHL and b)\ is redundant as
indicated by the tilde. However, in this case, we cannot eliminate b)\
since an arbitrary shift of Bv - Gv + ZTI'CV gives b)\ —>b)\ + e MLVAMCV'
One cannot always find a set of ‘cv to cancel b)\, because the second
term is divergenceless whereas the first term, in general, is not.

" As before, we carry along this redundant summation for now., Next,

Fourier transforming gives

Z—-—zi-;tZJrit (AX -6 +2m )
7 = dt ds dx de e P L M b
oA M
{2 P
i

1 2z .
———g 138 A T
e 26 M ' )\(e)\pv ;.Lev Zﬂbk)

(56)

(57)
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Performing the integrals over X and 6 v gives the Dirac delta function
constraints
oAt @ GNe G+ e A s.(G) . 58
; N pJ Y uv g 2\ 3 (58)
This implies, first, that f:pL is a curl, t”t =€ A Ao,and, secondly,

ppo p

that s, - A is a gradient, A, -8, = AS. Note also that the delta

A X

function constraints ( 58 ) are redundant. As before, the ambiguities
in the definition of A)\ and S may be understood as a gauge symmetry

A)\ -—>A)\ + A)\A; S-S+ A. Thus we have

. ° -dm -as)

1
A - = (€ A A )
7 - 2 f'&A)ﬁSe 2K Hpo p & e 2B b
{au,b)\}

(59)

. + _
el 2m( €pvavA>xap b)\(A)\ AKS))
where we have dropped an over=~all infinite factor from the redundant
delta functions, and the prime on the integral indicates that we must
fix a gauge when integrating over A)\ and S, We can now perform

summation by parts to write the last factor in the form (cf. Eq. ( 32 ))

2mi(I A+ QS)
e MM (602)

where
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(60b)

Note that the relation Q = A follows, as expected for gauge invariance,

)\J)\
We are thus led to the physical interpretation that the current J N is
the (suitably defined) integer part of va‘plus the curl (vorticity) of
the "integer part' of the angle Apx -6 o Its divergence, Q is the
monopole density.

Similar considerations in higher dimensions motivate the general

interpretation of the various integer-valued sources as topological

excitations of the original fields.

V. COMMENTS

Using an exact duality transformation, we have identified the
topological excitations of the lattice Abelian Higgs model, and have
shown what their interactions are. We have some comments to mai«:e
about these results.

1) To better understand ’chése excitations, it may be useful to
compare our model with related models. This has been done to some
extent in the text, Here we summarize these comments. To begin
with, note that the familiar XY model is an m - 0 limit of our model.

This can be understood intuitively since, for B >> k, the energy is
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minimized for a vanishing field strength (FMV = AHG b Ave . =0),
This means that 6 " is a pure gauge (of the form AHA) and so, shifting
X X - N, we recover the partition function for the XY model. In
this limiting case (m = 0), there are several striking differences from
the finite mass case.

First, as we mentioned in section IIIA, in two dimensions the
self energy of a vortex grows for small m likeln 41/m, so when m =0
single vortices at low temperatures are no longer allowed. On the
other hand, a vortex-antivortex pair has finite ener gy even for m =0,
so in this limit the only finite energy configurations are those which
respect overall neutrality, In addition, the interaction between vortices
is no longer short range when m2 = 0, Indeed the potential grows
logarithmically as the separation between vortices increases, It is
attractive between a vortex (say p > 0) and an antivortex (p < 0) and
binds them at low enough temperatures, |

In higher dimensions (d = 3), there are no monopoles or monopole
currents (the Qai. ey in, for ipstance, Egs. 33 and 45)at m = 0, and the
topological current density J is conserved. The short

L A )

range interaction between topological excitations in these dimensions
also disappears when m = 0, and is supplanted by a power law potential.

It is also wor’chwhile to compare our model with the pure gauge

theory. For example, in three dimensions, the pure gauge theory has

topological singularities which are isolat ed monopoles. When the gauge
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fields are coupled in a gauge invariant manner to the Higgs matter
fields, the medium attaches a vortex string to the monopoles, Thus,
monopoles can no longer exist in isolation, but appear only as monopole-
antimonopole pairs attached by strings.
2) Notice tha’c,v by the exact duality transformation, we have
succeeded in establishing an equivalence between theories., The
original partition function is expressed in terms of phases X (j) and
gauge fields 6 H(j ), whereas the transformation reexpresses the same
quantity in terms of continuous ''spin waves' G (j); AH(j ), SG) ves)
and topological excitations (p(j); J H(j Y, QG ...). (Recall Egs.
20, 33 and 45.) The two languages provide exact alternative
descriptions of the same theory. This is one of the most intriguing
aspects of the duality transformation, and it is interesting to ask
whether a similar transformation can be found for a non-abelian symmetry.
3) Inref. (9 ) we will describe what we expect the phases of our
model to be, but we wish to make a few comments here. First we note
the resemblance of the Abelian Higgs model to the theory of spin-glasses. 10

A naive model of a spin glass has the Hamiltonian

—

H = =J3, j) SG) - 3G)

where g(i) are spin vectors coupled by a random variable J(i, j).

In the simplest version of the model the spins are Ising spins, S(i) = +1
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and J(i, j) is a nearest neighbor coupling which has some probability,
p-to be ferromagnetic (Jij = +J) and probability 1 - p to be antiferro-
magnetic J(ij) = -J. Consider in particular the casep = 1/2. Then the

theory has a local discrete invariance:
Sk) - -S&)
I0,j) = - Ik, j)

The local gauge invariance of electromagnetism is quite analogous,
being a continuous, U(1) or R 1 generalization thereof. Given the
similarity between the models, one might expect some relationship

between the phases of the two systems.

Second, we note that the behavior of the expectation value of the
Wilson loop in’cegrali,}‘ =< ei {9 pLXmJL> changes dramatically when
the Higgs fields are added to the pure gauge theory. We find that for
all temperatures and all dimensions, I" ~ e_P, for large loops, where P
is the perime;‘;er of the loop. This is to be contrasted with the pure
gauge theory in which I" is sometimes falls like e-P, and sometimes
like e '2, the difference being used as a signal for a phase transition.
This result is perhaps not unexpected, and follows from the fact that
T represents a ''quark'' loop whose charge is equal to the charge of

the Higgs particle. Loop integrals associated with fractional charges have a

quite different beha.vior.9 We also remark that the different behavior of
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T in the pure gauge theory and the Higgs theory can be related to the
different topological excitations of the two theories. See ref. (9 ) for
a further discussion of these points,

Finally, we return to a point mentioned in section II, namely the
behavior of our theory in the continuum limit, .’I'he question we raised
there was whether in the continuum limit defined by the renormalization
group the theory would retain all the interesting topological excitations
we see on the lattice. One possible answer is that there are different
phases of the models which have different continuum limits. In
particular, we believe that for d = 3 and fixed mz, there are two phases
as a function of « for finite v, At high temperatures, (x small), we expect
to find large distance behavior which is strongly affected by the
topological excitations, and therefore an appropriate continuum theory
in which the excitations survive, while at low temperatures we expect
these excitations not to be as important for the large distance structure,
and to disappear in the continuum theory. This point is also discussed

in Ref. ( 9).
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and J(i, j) is a nearest neighbor coupling which has some probability,
p-to be ferromagnetic (Jij = +J) and probability 1 - p to be antiferro-
magnetic J(ij) = -J. Consider in particular the case p = 4/2. Then the

theory has a local discrete invariance:
Sk) - -5k
Ik, §) > - Ik, j)

The local gauge invariance of electromagnetism is quite analogous,
being a continuous, U(1) or Ri’ generalization thereof. Given the
similarity between the models, one might expect some relationship

between the phases of the two systems.

Second, we note that the behavior of the expectation value of the
Wilson loop in’cegrali,}' =< eif 0 HdXH> changes dramatically when
the Higgs fields are added to the pure gauge theory. We find that for
all temperatures and all dimensions, " ~ e—P, for large loops, where P
is the perimeter ‘of the loop. This is to be contrasted with the pure
gauge theory in which I" is sometimes falls like e_P, and sometimes
like e—PZ, the difference being used as a signal for a phase transition,
This result is perhaps not unexpected, and follows from the fact that
T represents a 'quark'' loop whose charge is equal to the charge of

the Higgs particle. Loop integrals associafed with fractional charges have a

quite different behavior.9 We also remark that the different behavior of
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